We consider hexagonal systems embedded into the 3-dimensional space R 3 . We define the fundamental group π 1 (G) of such a system G and show that in case G is a finite hexagonal system with boundary, then π 1 (G) is a (non-Abelian) free group. In this case, the rank of (resp., m(G), h(G)) denotes the number of vertices (resp., edges, hexagons) in G.
Introduction
A hexagonal system is a finite-connected graph with all edges lying in regular hexagons. Hexagonal systems have been extensively studied, as the natural representations of hydrocarbon molecules, analyzing various physicochemical properties of the molecules represented. Spectral graph theory is often employed for this purpose because the algebraic invariants associated to the graphs contain relevant information about the molecular structure; see [2, 7] . Additionally, the application of topological techniques has become increasingly important in the field over the past years; see [4, 6] .
The consideration of benzenoid hydrocarbons as planar hexagonal systems is a welldeveloped theory [2, 7] . As first discussed by Wasserman [13] , one may conceive of classes of hydrocarbons, including knotted rings and linked rings (catananes), with interesting topological properties. On this trend, in [12] it was reported the synthesis of the first molecular Möbius strip and in [3] the synthesis of a molecular trefoil knot. The development of nanotechnology makes relevant the consideration of nanotubes and other related hexagonal systems in 3-space; see [8] .
In this work, we consider hexagonal systems, embedded into the 3-dimensional space R 3 . Given (a possibly infinite) hexagonal system G stabilized by the action of a group Γ which acts freely on the vertices of G, the natural quotient π : G → G/Γ is said to be a Galois covering defined by the action of Γ. For a finite hexagonal system G, we build a universal Galois covering π : G → G (i.e., for any Galois covering π : G → G, there is a unique morphism π : G → G with π = π π). The map π is defined by the action of the 2 The fundamental group of hexagonal systems in 3-space fundamental group π 1 (G). This group π 1 (G) is also the fundamental group of the CWrealization cw(G) of the hexagonal system G.
We say that an edge e in G is on the boundary if e belongs only to one hexagon in G. In case G has no boundary and cw(G) is orientable, a well-known argument implies that cw(G) is a topological torus and therefore π 1 (G) = Z × Z (see Proposition 2.1). For the case with boundary, we will prove the following result. Theorem 1.1. Let G be a finite hexagonal system with boundary, then π 1 (G) is a (nonAbelian) free group.
In the case considered in the above theorem, the rank of π 1 (G), denoted by rk(G), is an important invariant of the hexagonal system. The rank rk(G) can be numerically obtained from the number of vertices n(G), the number of edges m(G), and the number of hexagons h(G) of G, in the following way. Theorem 1.2. Let G be a finite hexagonal system with boundary. Then
The proof of Theorem 1.2 follows from some simplicial homology arguments and is given in Section 3. In Section 4, we consider the simply connected case, that is, rk(G) = 0 and show that G is equivalent to a planar graph.
The results reported in this work will be used in forthcoming papers to describe the general structure of finite hexagonal systems with boundary and calculate its momenta, π-electron energy, and other important invariants.
The reader is referred to [6, 10] for an algebraic topology background and terminology not explained in the paper.
We denote by Z and Q the additive group of integers and the rational number field, respectively.
Galois coverings and the fundamental group

2.1.
A hexagonal system G = (G 0 ,G 1 ,Ᏼ(G)) is given by a set of vertices G 0 , a set of edges
, and a set Ᏼ(G) ⊂ G 6 1 of hexagons, satisfying the following: (H1) each edge e = {x, y} ∈ G 2 0 satisfies x = y and belongs to a hexagon (i.e., there is e ∈ G 5 1 with (e,e ) ∈ Ᏼ(G)); (H2) each vertex x ∈ G 0 belongs to at most 3 edges in G (i.e., the degree d(x) ≤ 3); (H3) each hexagon {e 1 ,e 2 ,...,e 6 } is formed by pairwise different edges with e i ∩ e i+1 a single vertex, for i = 1,...,6 and e 7 = e 1 . Moreover, two hexagons have at most one edge in common. We write {e 1 ,e 2 ,...,e 6 } for elements of Ᏼ(G) and get the drawing in Figure 2 .1. Observe that not necessarily for any sextuple {e 1 ,...,e 6 } ∈ G 6 1 with e i = {x i ,x i+1 } ∈ G 2 0 and x 7 = x 1 , we get a hexagon in G.
Examples of hexagonal systems.
(1) Planar graphs associated to benzenoid hydrocarbons (see, e.g., Figure 2 .2). Figure 2.1 In (a), there are exactly 3 hexagons in G. The closed walks of length 6 forming the mouths of the cylinder are not hexagons in the system. In (b), there are exactly 6 hexagons in G. Besides the 5 planar hexagons, there is an additional one formed by identifying 1 ↔ 1 and 2 ↔ 2 .
(3) We will schematically draw cylinders as shown in Figure 2 .4. In this case, the cylinder has n half-twists. In case n is odd, the cylinder is called a Möbius band.
(4) The torus is obtained by identifying the vertices and the edges indicated in Figure  2 .5. All the 6-edge contours formed are hexagons in the torus. 
2.3.
Given a hexagonal system G = (G 0 ,G 1 ,Ᏼ(G)), we consider an embedding ξ : G R 3 where for each edge e = {x, y}, the image ξ(e) is a differentiable curve and two edges ξ(e) and ξ(e ) intersect only in the image ξ(x) of a common vertex x of e and e .
We recall that two homeomorphisms f : R 3 → R 3 and g :
for every x ∈ R 3 and H(x,t) is a homeomorphism for each fixed t ∈ [0,1]. It is known that either f is isotopic to the identity or to a reflection function. In the first case, f is said to be orientation preserving; in the second case, f is said to be orientation reversing.
Two embeddings ξ : G R 3 and η : G R 3 are equivalent if there is an orientation preserving homeomorphism f with f ξ = η. See [4] for a careful discussion.
The construction of a CW-complex cw(G) associated to an embedding ξ : G R 3 is fulfilled by fixing {ξ(x) : x ∈ G 0 } as 0-skeleton, {ξ(e) : e ∈ G 1 } as 1-skeleton, and giving a set of differentiable functions
where the image of m h and m h may only intersect on ξ(e) for an edge e common to h and h . Clearly, the homotopy class of cw(G) depends only on the equivalence class of ξ : G R 3 .
We will say that the hexagonal system G is orientable if the associated
It is well known that G is orientable if and only if cw(G) does not contain a Möbius band.
Proposition 2.1. Let G be a hexagonal system without boundary and assume G is orientable. Then G is a torus.
Proof. Assume that G has no boundary, then d(x) = 3 for every x ∈ G 0 . Then each edge belongs to 2 hexagons and each vertex to 3 hexagons, that is,
The compact orientable surface cw(G) is homeomorphic to the sphere (n = 0) or to a torus with n holes, n ≥ 1. The Euler formula for the characteristic of cw(G) yields
Hence n = 1 and G is a torus. where a i ∈ {s(e i ),t(e i )}. (c) If u ∼ v, then wuw ∼ wvw , whenever the products make sense. We define π 1 (G,x 0 ) = W(G,x 0 )/ ∼ the set of homotopy classes of closed walks at x 0 . Clearly, π 1 (G,x 0 ) inherets the group structure of W(G,x 0 ) and moreover, it does not depend on the chosen vertex x 0 . We set π 1 (G) for π 1 (G,x 0 ).
Let
The following is a more precise version of Theorem 1.1 stated at the introduction. 
is the fundamental group of a graph Δ G , and therefore
for each x ∈ G 0 and two hexagons in Ᏼ(G) have at most one edge in common (i.e., G satisfies conditions (H2) and (H3)). We will show, by induction on h(G), that for a generalized hexagonal system G with boundary, there exists a graph
If h(G) = 0, then G is a graph and by classical theory,
Assume h(G) ≥ 1. Since G has boundary, we choose a hexagon h ∈ Ᏼ(G) with edges e i = {x i ,x i+1 } for 1 ≤ i ≤ 6 and x 7 = x 1 such that e 1 ,...,e j only belong to the hexagon h, and d(x j+1 ) = 3.
We consider the graph G with vertices
Choose x 0 a vertex in G . We will define a group homomorphism 
It is enough to observe that w ∼ ρ(w) in G and ρ(w) ∼ w 1 ∼ ··· ∼ w m = τ x0 still holds in G. Hence [w] = 1 and ρ is an isomorphism. This completes the proof of the theorem.
2.5.
The proof of Theorem 1.1 provides a construction of the graph Δ G such that π 1 (G) = π 1 (Δ G ). Indeed, Δ G is obtained from G by deflating one by one the hexagons in Ᏼ(G). We illustrate the procedure by an example.
Let G be the hexagonal system obtained by identifying the vertices indicated with the same numbers as shown in Figure 2 .8. Clearly, we may always consider an induced graph Δ G whose vertices are those x in Δ G with d(x) = 3 such that π 1 (Δ G ) = π 1 (Δ G ).
2.6.
We will prove that there is a hexagonal system G (which is infinite if π 1 (G) = 0) stabilized by the action of the group π 1 (G) and such that the induced covering
is the universal Galois covering of G. Fix a vertex x 0 ∈ G 0 and an orientation (s,t) of G, denote Π = π 1 (G,x 0 ), and for each vertex x ∈ G 0 , fix a path γ x from x 0 to x, according to the orientation (s,t). We define the hexagonal system G and the map π : G → G as follows:
(i) vertices of G: The group Π acts on G and freely on the vertices of G (i.e., if p ∈ Π and p(y) = y for some y ∈ G 0 , then
Given any other Galois covering π : G → G defined by the action of a group Γ, we define a map π : G → G of hexagonal systems. Indeed, consider an orientation (s ,t ) of G such that π (s (e ) → t (e )) = s(π (e )) → t(π (e )) and fix any x 0 ∈ G 0 with π ( Remark 2.4. The construction of Galois coverings and the fundamental group of a hexagonal system follows similar arguments to those developed for finite dimensional algebras given as quotients of quiver algebras, see [1, 5, 9, 11] . In particular, the proof of Theorem 1.1 is inspired in [11] where the concept of coverings in representation theory was introduced; the construction of the universal Galois covering follows [9] .
2.7.
As an example of the construction of the universal covering G → G, we will consider again the hexagonal system in Figure 2 .8. We expect the following picture is selfcontained (see Figure 2 .9). Clearly, it is possible to define an embedding ξ : G R 3 and a CW-complex cw( G) stable under the action of π 1 (G) and such cw( G)/π 1 (G) ∼ − − → cw(G). We will not pursue this point. 
where
). Proof. First we check that the maps are well defined.
For an (oriented) hexagon in Ᏼ(G) as above and f ∈ C 0 (G,Z), we have
and
) is well defined in homotopy classes and therefore, p(g) ∈ Hom(π 1 (G),Z).
Clearly, d 0 is injective. We check the remaining facts for the exactness of the sequence. 
.
The map p is onto: we define a function r : Hom(π 1 (G),Z) → Z 1 (G,Z) by
With arguments similar to the above, r is well defined and p • r is the identity in Hom(π 1 (G),Z). This completes the proof of the statement.
3.2.
The sequence (3.1) provides useful relations among the invariants of a hexagonal system. For instance, if G is a torus, then π 1 (G) = Z × Z and choosing Z = Q in (2.3) we get
It is not hard to show that
We get the formula
that we encountered already in (2.3).
Proof of Theorem 1.2.
Let G = (G 0 ,G 1 ,Ᏼ(G)) be a finite hexagonal system with boundary and consider the exact sequence (3.1) for Z = Q. We will prove that
As in the proof of Theorem 1.1, we consider generalized hexagonal systems G and we prove by induction on the number of hexagons
For h(G) = 0, we get Ᏼ(G) = ∅ and G is a graph with 
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We will define an exact sequence
Clearly, σ and ρ are well-defined homomorphisms with σ mono and ρσ = 0.
From this sequence we get the equality
4. Simply connected hexagonal systems 4.1. We say that a hexagonal system G is simply connected if π 1 (G) = 0. 
4.2.
Let G be a finite hexagonal system and ξ : G R 3 be an embedding. Consider a projection π : 
We say that G is planar if there is an embedding ξ : G R 2 , that is, ξ (e) are differentiable curves for edges e of G and ξ (e), ξ (e ) may only intersect in ξ(x) if x is a common vertex of e and e . 
Proof. By induction on h(G). If h(G)
=
Remarks. (a)
The crossings appearing in the covering defined in example (1.8) are of the type described at the above proof. 
